On Ngit Minh HUGONG DAN GIAI BAI TAP HOC PHAN GIAI TiCH 2

2.1. Ham nhiéu bién
2.1.1. Tim mién x4c dinh ctia ham hai bién z = f(x, y)

Mién xdc dinh cua fla tip cdc diém (x, y) € R? sao cho biéu thirc f(x, y) co nghia. Thurong
dwoc xdc dinh béi mot sé cdc bat phwong trinh dang gi(x, y) = 0, g2(x, y) > 0, ...

Moéi phwong trinh dang gi(x, y) = 0 xdc dinh mot dwong cong, dwong cong ndy chia mat phing
thanh 2 phin. Mgt phan sé co gk(x, y) > 0, phdn con lai sé co gk(x, y) < 0. Viéc xdc dinh ddu cia
biéu thirc gr(x, y) trén mot mién rat don giin bang cich kiém tra truc tiép tai mot diém (x, y).

Sau khi di xdc dinh dwoc tit cd cdc mién thich hop, ta chi viéc 13y giao cia chiing va chi y

rang cdc diém nam trén dwong cong g1(x, y) = 0 sé dwoc Iy con trén gz(x, y) = 0 thi khong.

Vidul Tim mién xac dinh cta f(x,y) = \/xlTy +./4—x2—y?
Loi giai D={(xy)|4—x*-y*=0,x—y>0}
Ay Xét g, (x,y) = 4 — x* — y? = 0 hay x2 + y2 = 22, day la phwong trinh
4 dwong tron tAm tai gc toa do va ban kinh bang 2. Ta ¢ g1(0,0) =4 > 0 nén
5 ta 1ay mién phia trong dwong tron.
x> Xét g,(x,y) = x —y = 0 hay y = x, day la phwong trinh dudng thing
di qua gbc toa do. Ta c6 g2(0, 1) = -1 < 0 nén ta 14y mién nam phia dwéi
/ -2 duong thang.
Két hop lai ta dwoc nira hinh tron phia dwdi, khong tinh cac diém thudc dudong thang.
Vidu 2 Tim mién x4c dinh cia f(x,y) = arccos(x? + y? — 3)

Loi gidi Vi mién xac dinh cia ham arccos(x) trong doan [-1, 1] nén mién xac dinh cua
ham fla D={(xy)|—-1<x*+y?—-3<1},hay

A
Y D={(xy)|2<x*+y*<4}
2 Xét g,(x,y) = x2 + y2 — 2 = 0 hay x2 + y2 = 2, diy 1a phwong
/ trinh dwdng tron tim tai géc toa do va ban kinh bing V2.
\\J X" Tac6 g1(0,0) = 2 < 0 nén taldy mién phia ngoai dwong tron nay.
Xét g,(x,y) =4 —x*—y%2=0 hay x2 + y2 = 22, day la
phwong trinh dwong tron tAm tai gdc toa dd va ban kinh bang 2.

Ta c6 g2(0, 0) = 4 > 0 nén ta ldy mién phia trong dwong tron nay.
Két hop lai ta dwgc hinh vanh khan.
2.1.2. V@& do thi cia ham hai bién z = f(x, y)
St dung ham ezsurf() hodc surf() trong MATLAB dé vé d6 thi cia ham hai bién z = f(x, y)

trong mién xac dinh [a, b]x][c, d].

Vidul Vé do thi cia ham z = \/4 — 2x? + 3y2.
-Dung ham ezsurf(): ezsurf('sqrt(4 - 2*x"2 - 3*y"2)")

-Dung ham surf(): ﬁl,”,l,’,:”’” o
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Viduy 2 Vé d6 thi ham z = cos(xy).
-Dung ham ezsurf(): ezsurf('cos(x*y)",[-3 3 -3 3])
-Dung ham surf():

il
i

x=-3:.1:3;y=x;
[X, Y] = meshgrid(x, y);
Z = cos(X.*Y);
surf(X, Y, Z);
2.1.3. Ban d6 dwong mirc

St dung ham contour() dé vé ban d6 dwong mikc.
4
Vidul Vé db thi va ban dd duong mirccllaz = 1+ ——>—
1+x2+y

Lo giai

x=-1.1:1; y = x; [X Y] = meshgrid(x,y);

Z=1+ (X" 4-Y. )./(1+X1 24Y."2);

surf(X, Y, Z);

[C, h] = contout(X, Y, Z); % V& ban d6 duwong mirc

set(h,'ShowText','on"); % Hién thi nhin
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Vidu2 Vé do thi va ban do dwdng micciaz =1+ T2ty trén cung mot hinh.
Loi giai

x =-1:.1:1; y = x; [X Y] = meshgrid(x,y);
Z=1+ X" +Y")./(1+X"2+Y."2);

surf(X, Y, Z); % V& do thi

hold on % Gitr hinh vé trudc

[C, h] = contout(X, Y, Z); % V& ban d6 dwong mic
set(h,'ShowText','on"); % Hién thi nhan

2.2. Gidi han va sw lién tuc
2.2.1. Tim giéi han cha ham hai bién f(x, y) khi (x,y) = (a, b)
a) Cach 1. Tim gi6¢i han theo dinh nghia:
- Bang kinh nghiém, dw do4n gi¢i han 1a L.
- Véi £ > 0, xuit phat tir bat dang thirc |f(x,y) — L| < &, ta bién d6i twong dwong hodc tim
diéu kién dd (dang < hodc <) dé di dén bat ding thirc \/(x — a)2 + (y — b)2 < B(¢).
- Lay & = B(¢). Vay ta da chitrng minh dwogc rang
Ve>0,38=B(e)>0]/(x—a)?+ (y—b)?<§=|f(x,y)-L| <=
Twcla f(x, y) = Lkhi (x,y) = (a, b).
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b) Cach 2 (khia=b=0).batt=y/x (hayy = tx). Xét 3 kha nang cia tla
- t>0(viduchoy=x%thit=y/x=x-0)
- tooo(viduchoy=+x ,thit=y/x=1/y/x - )
- to>k#0,k#oo(viduy=2xthit=y/x=2-2)
Néu trong moi kha nang trén ma f déu dan t&i cing mat gia tri fo thi fo chinh 1a gi¢i han cta
f(x,y) khi (x,y) = (0, 0). Trai lai thi khong cé gidi han.
c) Céach 3 (khia=b = 0).Xét phwong trinh f(x, y) = k. Néu ton tai duy nhit mot gia tri ctia k dé
phwong trinh c6 nghiém trong lan can da bé cua (0, 0), thi gia tri k d6 chinh la gi¢i han cia
f(x, y) khi (%, y) = (0, 0). Néu ton tai it nhat hai gia tri cia k d€ phwong trinh c6 nghiém thi
khong ton tai gi¢i han cua f(x, y) khi (x, y) = (0, 0).
Chiy Bang phép ddibiénx' =x-a,y' =y - b, khi d6 viéc tim gi&i han cta f(x, y) khi (x,y) = (a, b)
twong dwong voi tim gidi han cua g(x', y'") khi x',y) = (0,0).

khi (x, y) = (0, 0).

Vidul Tim gi&i han cta f(x,y) = 2+ _
Loi gidi
Cach 1. Ta dw doan gi¢i han ndy ton tai va bang 0 vi bAc cta tir 16m hon bac cia mau.
2
’ —ffyz—0| <sslxl<eex?+y?<ee J(x—-0>2+ (@ —-02%<e

L4y § = ¢, ta da chirng minh dwoc rang

Ve>0,38=e>0]| /(x— 02+ (y— 0)2<5:>|——o|<s

Tac 1a x’z‘iyz — 0 khi (x, y) — (0, 0).

x3t2 xt?

x2(1+t2)  1+t2

Céch 2. bat t=y/x hay y = tx. Khi d6 f=

. xt?
- Khit->0:f= -0
1+t2
. . t? 1 \ ~ xt?
- Khitooo:Vi—=5—->1vax—>0nénf= -0
1+t —+1 1+t2

t2

2 tZ
——vax—->0nénf=
1+t2

- Khit->k (#0, # o): V11+t2 Tz

Trong moi tru'(‘)'ng hop déu c6 f(x, y) — 0 nén gi¢i han can tim 12 ton tai va bang 0.

Cach 3. Gia su' = k, khi d6 xy? = k(x? + y?) & (x — k)y? = kx?.

Néu k # O,tacc')x2 = (E_ 1)y )
V& phai s& Am khi x di nhé, mau thuln véi vé trai dwong. Chirng té chi ton tai duy

2
nhitk = 0, tiec 12 fyyz — 0 khi (x, y) — (0, 0).

Viduy 2 Tim gi¢i han (néu cd) cia f(x,y) =

- (0,0).

Loi giai
x%t t
x2(1+t2) 12

Cach1l.batt=y/x tacof=

- Khit-0:f—0
- Khit-1:f>1/2
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Vay khéng ton tai gi¢i han ctia — khi (x, y) = (0, 0).

x2+y?

Y —k=xy=k(x?+y?)=2>kx?—yx+ky?=0 ™

x =
x%+y?
Ta xem (*) nhw 1a phwong trinh bac 2 theo x. Khi dé

A=7vy? —4k?y? = y2(1 — 4k?)
D& () c6 nghiém thiA > 0, tirc1a 1 — 4k? > 0,hay —- < k <.

Cach 2. Gia st

Chirng t6 c6 mot tip cac gia tri cia k thoa méan. Vay khong ton tai gi¢i han cta fkhi (x, y) — (0, 0).
2.2.2. Swlién tuc cia ham hai bién
Ham f{(x, y) lién tuc tai diém (a, b) néu cdc kiém tra sau déu diing:
a) Ham fxdc dinh tai (3, b), tirc 14 ton tai f(a, b)
b) (o gioi han: f(x, y) — L khi (x, y) = (a, b)
¢) Gioi han do trung voi gid tri cia ham tai (a, b), tiecla L = f(a, b)
Cdc ham so cdp lién tuc trong mién xdc dinh ctia no.

xy?
x%+y?

Vidul Tim mién lién tuc cia ham f(x,y) =

Loi gidi Ham da cho xac dinh trén toan mat phang, loai trir tai gbc toa dg, vi vay né lién tuc

kh3p noi, loai trir tai diém (0, 0) vi tai ddy n6 khong cac dinh.

2
Vidu 2 Tim mién lién tuc ctia ham f(x,y) = xzx—iyz () # (0,0)
0 (xy)=(0,0)

Loigidi Tai cac diém (x, y) # (0, 0) thi f(x, y) la ham so cdp nén né lién tuc. Tai diém (0, 0)
ham xac dinh va f(0,0) = 0. Theo két qua ctia Vi du 1 phan 2.2.1, f(x, y) = 0 khi (x, y) — (0, 0), gi¢i
han nay trung véi gia tri cia ham tai (0, 0), do dé ham lién tuc tai (0, 0).

K&t luan, ham di cho lién tuc trén toan mit phing.

2.3. Pao ham riéng
2.3.1. Tim cic dao ham riéng cip mot
Khi dao ham theo bién nao thi xem cac bién khéc 1a tham sd, khong phu thudc bién léy dao ham.

Tat ca cac quy tac tinh dao ham ctia ham mot bién déu ap dung duoc.

Vidu 1 Tim cac dao ham riéng cip mot cua f(x,y) = #yz tai diém (1, 0).
Loi giai
of 2x of _ x?2+y?-2y2  x? -y?
ox  (2+y2)?2 9y (x2+y2)?2  (x% +y2)?
a2 of 2 1 af 1
Tai diém (1, 0): - 16~ 5 9 1c
r \ , \ A A A B z . <A
Vidu 2 Tim cac dao ham riéng cap mot cua f(x,y,z) = " tai di€ém (1, 2, -2).
Loi giai
of z of 2yz of 1
ax  (x+y?2)2 ay T (x+y2)2 9z x+y?
of 2 of _ 8 of 1

Tai diém (1, 2, -2): %= - .

2.3.2. DPaoham ham 4n
Voi F(x,y, z) =0 thi
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%z _ _ B 9z _ _ &
ox  F ay  F
, 0z
Vidu1 Cho x2 + y? + z2 = a?, tlma—va—talP(Z Z)
Loi giai DitF(x,y,z) = x> +y?+z>—a? =0
Fx=2x Fy=2y F,=2z
1 = g = 2 i = i
me—z,y 2thlz Ne2
0z _ _F__x_ _¥2 0z_ B_ _y__2
ax F, -z 2 ay F, -z 2
Vidu 2 Ba dién tré voi cac gia tri Ry, R2 va R3 duoc méc nhu hinh bén. Tinh téc d6 thay ddi cua
tong tré R theo sy thay ddi cua timg dién tro.
Loi giai Theo dinh luat Ohm, ta c6 R; R,
R{R
R=—"2+R,
< R.R s
Dat F(Rl,Rz,R3,R) :R_#_R3 :0, khi do
OF _ Ry(Ri +Rp) —RyRp _ R} OF _ Ry(Ri +Rp) —RiRp _ R
oRy (Ry + R3)? "~ (Ry +Ry)? oRy (Ry + R3)? "~ (Ry +Ry)?
oF oF
6_R3 =-1 5 =1
oF oF OF
N OR aR R? oR oR R? oR aR
Va - =1 - __ 72 N S, —:——3:1
1y AR, g_; (R1+R2)2  0OR, g_R (R1 + Ry)? ARz g_;

2.3.3. Dao ham riéng cip cao

fxx:% ax(3£> fyy:g_y];:%(%> fev = ax;y ay(3£> ax@f/) ay;x_fyx

Vidul Tim tat ca cac dao ham riéng cap hai cua f(x,y,z) = x%e” sinz
Loi gidi
fx = 2xe¥sinz, f, = x*e¥sinz, f, = x*e¥ cosz
fx = 2€¥sinz, f,, = x*e¥sinz, f,, = —x?e¥ sinz

fry = 2xe¥sinz, f,, = 2xe¥ cos z, f,, = x?e” cos z

Vidu 2 Tim tit ca cac dao ham riéng cap ba cua f(x,y) = x? cos y
Loi giai
fx =2xcosy ,f, = —x?siny, fix =2c0sy,f,, = —x?cosy, f, = —2xsiny
froxx = —25siny, fyy, = x? SiNYy, faxy = —2siny, fyy, = —2xCOSy

2.4. Mt phang ti€p dién va x4p xi tuyén tinh
2.4.1. Mit phang tiép dién
e Phuong trinh mét tiép dién tai diém P(x0, yo, zo) thudc mat cong F(x, y, z) = 0:
Fx(Xo, yo, Z0)(x —Xo0) *+ Fy(x0, Yo, z0)(y — yo) *+ Fz(x0, Yo, z0)(z — 20) = 0
e Phuong trinh mit tiép dién tai diém P(xo, yo, zo) thudc mat cong z = f(x, y):
batF(x, y, z) =z — (%, y), khi d6 Fx = -fx, Fy = -fy, F, = 1. Thay vao trén:
-fx(x — X0) — fy(y — yo) + (z — z0) = 0, hay z — zo = fx(x — X0) + fy(y — yo)
Vidul Viét phuong trinh tiép dién cua mat cong x2 + y? + z2 = 1 tai diém P( )= \/_)



On Ngit Minh HUGONG DAN GIAI BAI TAP HOC PHAN GIAI TiCH 2

Loi giai bitF(x,y,z)=x*+y?’+z2-1=0.
Fx=2x, Fy=2y,F,=2z Tai PtacoFx=1,F,=1F,=+2
Phuong trinh tiép dién la

(x—l) (y——)+w/_(z—T)—Ohayx+y+\/_z—2—0

Vidu 2 Viét phuong trinh tiép dién cua mit cong f(x,y) = > tai diém P(0, 1, 0).
Loi giai
oy +y?) —2x%y _x(x? +y?) — 2xy?
fre = (x2 + y2)2 fy - (x2 + y2)2

Tai P: f, = 1, f, = 0. Vay phuong trinh tiép dién 1a z = x.
2.4.2. X4p xi tuyén tinh
Xap xi tuyén tinh tai diém P(xo, yo, zo) thudc mit cong F(x, y, z) =0 la
L(x,y) = 20 = 1 (x = x0) =2 (7 = ¥0)
Xap xi tuyén tinh tai diém P(xo, yo, zo) thudc mit cong z = f(x, y) la
L(x,y) = f(x0,y0) + fx(x = x0) + £, (¥ = o)
Vidu1 Tim xap xi tuyén tinh ctia mat cong tai diém P cho trong Vi du 1 muc 2.4.1.
Loi giai Tir phuong trinh ctia mit tiép dién 1a x + y +v2z — 2 = 0, ta rat ra duoc
z=— (2 -x—y).

Vay xap xi tuyén tinh tai diém P d cho 1a L(x,y) = 5 (2 —x—y).

Vidu 2 Tim x4p xi tuyén tinh ctia mit cong tai diém P cho trong Vi du 2 muc 2.4.1.
Loi giai Tir phuong trinh ctia mit tiép dién 1a z = x ta nhan duoc x4p xi tuyén tinh 1a
L(x, y) =x.

2.4.3. Viphin toan phin
Vi phén toan phan cua ham f(x, y) 1a df = f dx + dy
S gia toan phan ctia ham f(x, y) 1a Af = f(x +Ax,y+ Ay) —1f(x,y)
Khi Ax va Ay du nho thi Af = df, tac 1a f(x + Ax,y + Ay) — f(x,y) = —f Ax + Ay

Vidul Tim vi phan toan phan cia f(x,y) = x¥ tai diém (2, 1)
Loi giai fr =yx¥7Y, f, =xYInx
Tai diém (2, 0): df = fodx + f,dy = dx + 2In2dy
Vidu 2 Tinh gan dung sin77°.
Loi giai Xét f(x, y) = sin(x + y) = sinx cosy + siny cosx
fx =cosxcosy —sinysinx f, = —sinxsiny + cosycosx = f

Ta ¢6 sin77° = f(30° + 1°, 450+ 19) = £(30°, 45°) + 2£,(30°, 45°)*1°
= sin 30° cos 45° + sin 45° cos 30° + 2(cos 30° cos 45° — sin 45° sin 30°) * 1°

12 \/_\/—_l_z(x/_\/_ \/—l)n lﬁ_l_ﬂﬁ_l_(\/—\/_ \/_1)90

:——-l- —_—— —
2 2 2 2/ 180 22 2 2

2 2 2 2
V&iV2 = 1.4142,+/3 ~ 1.7321, 1 ~ 3.1416 thi sin77° = 0.9750.
2.5. Pao ham cta ham hop
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£ R . dz _dzdx | 9zd
Néu z = f(x,y)vax = x(t),y = y(t) thi d—i = éd—: ﬁd—i
Néuz = f(x,y)vax = x(s,t),y = y(s,t) thi
0z 0z0x 0zdy 0z 0z0x 0z 0y

3s ox0ds "ayds ot oxot ayor

Vidul Tim dz/dt cua z = 2x? + 3y? + 4xy vGi X = cost, y = sint.
e , 0z 0z _ ax _ . dy _
Loi giai Taco§—4x+4y, ay—6y+4x,dt— smt,dt—cost
Vay % = —(4x + 4y)sint + (4x + 6y) cost

= —(4cost+ 4sint)sint + (4cost + 6sint) cost
= 2sintcost + 4(cos? t — sin? t) = sin 2t + 4 cos 2t

Vidu2 Tim 0z/0s va 0z/0t néu z = e**¥ (x — y),x = E Y = %
e o 02 yiyoo 02 _ yvyn o
Loi giai =€ x—y+1), oy ¢ x—y—-1)

dx t dy 10dx 1 0y s
ds  s2’ds t'ot s'ot 2

%z e V(x—-y+ 1)(—%2) +e*V(x—y-— 1)(%)
%z eV(x—-y+ 1)(1) +e*V(x—y— 1)(—i)
at s t2
2.6. Pao ham theo huéng
2.6.1. St dung dinh nghia tinh dao ham theo hwéng

u = (a, b) 1a véc to don vi, (xo, yo) 1a diém thudc mién xac dinh ciia f(x, y).

f(xo + ah,yo + bh) — f(x0,¥0)

Dy f(x9,y0) = }li_I}(l)

h
Vidul Cho f(x,y) = x® + 2y%,u = (%,\/z—g). Tinh dao ham theo hudng u cua f tai diém (1, 2).
Loi gidi
3 2
(1 +1h) vo(2 +8n) 13 —2(2%)
’ ’ SN S SR N
= — — — - -
h 2 4 8 2
Vay Duf(1,2) =3 +4V3
Vi du 2 Cho f(x,y,2) = x?yz3,u = (1, —1,1). Tinh dao ham theo huéng u cuia ftai diém (1, 0,1).
Loi giai Ta thdy u khong phai 13 véc to don vi. Dat v =u/ju| = (%, - %, \/%) thi v la véc to

don vi. Pao ham theo hudng u cia f ciing bang dao ham theo hudéng v.

(o) Gt =0y | 3 4)(C2) (14 21)° -2

Vay D,f(1,0,1) = —=.

2.6.2. Tinh dao ham theo huéng thong qua cac dao ham riéng
V&iu=(a, b, c)lavécto don vi thi
of of o
Duf=Vf-u=< forof

%,@,g> {(a, b, c)
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Vidul Cho f(x,y) = x%y,u = (—1,1). Tinh dao ham theo huéng u cua f tai diém (1, -1).
Lori giai Patv=u/u|= (‘T;, %) thi v 1a véc to don vi.

fx = 2xy, fy = x2. Tai diém (1,-1) taco fx=-2,fy = 1.
-1 1 3
Duf = Duf = (-2)- (2, %) ==

Vidu 2 Cho f(x,y,2z) = x%yz3,u = (1,—1,1). Tinh dao ham theo hudng u cua f tai diém (1,0,1).
Lori giai Pitv=u/u|= (%, _T; %) thi v 1a véc to don vi.

fx = nyzg;fy = xzzgnfz = 3x2y22.
Tai diém (1,0,1)tacé f, = 0,f, = 1,f, = 0.

Duf = Dof = (0,100 (£, 55,1} = %

Vidu3 Cho f(x,y) = yzj_ 1

Tinh dao ham theo hudng u cua f tai diém (1,-1).
Loi gidi Véc to don vi lam v6i hudng duong cua truc x mot goc n/3 1a

B 1 __—2xy
u—<cos3 sin > (2 2) Tacod fo =5y v = ooy

Tai diém (1,-1) thi f, =, f, = - nénDyf = (5,5) <£ 5= @

Vidu 4 Cho f(x,y,z) = x + yz vaula véc to lam voi cac hudng duong ciia céc truc toa do nhiing
goc bang nhau. Tinh dao ham theo hudng u cta ftai diém (1,-1, 1).
Loi giai Goi u = (a, b, ¢) la véc to don vi lam véi cac hudng duong cuia cac truc toa do

nhiing goc bang nhau, thia=b=cvaa?+b2+c2=1.Dodda= b=c=—.

Tacdfy=1,f, =z f, =y Taidiém (1,-1, 1) thify, =1,f, = 1,f, = —
VéyDuf = (1' 1:_

)

VW EER=a
2.7. Cuec tri khong diéu kién clia ham nhiéu bién
2.7.1. Cuc tri khong diéu kién ctia ham hai bién
1. Tim cdc diém dirng Mi(xx yx) tir hé: {f, = 0,f, = 0

2. Xic dinh () = fecfyy = (foy)”
3. Vi moi Mi(xx, yx), néu
a. O(xk yx) < 0: Mk khong phdi la diém curc tri
b. O(xk yr) > 0: My 1a diém cwe dai néu fix(xx, yx) < 0, cure tiéu néu fix(xi yi) > 0
¢ O(xk yx) = 0: Chura két luin duwroc, cdn xét trurc tiép s6 gia toan phan Af(Mk) .
L Néu Af(My) < 0: Mk la diém curc dai
il. Néu Af(My) > 0: Mk la diém curc tiéu
iil. Néu Af(My) 2 0: My khong phdi la diém cuc tri.
Vidul Tim cyc tri cua f(x, y) =x2 + 2xy + 2y2 + x -y + 1.
Lo giai
(h=0f=0 o 2x+2y+1=02x+4y—-1=0 & {x=—2y =12 M(-2,1)
fx=2fyy=4fiy=226=02)4)-2*=4>0.
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Vay M(—2,1)1a diém cuwc tri. Vi f = 2 > 0 nén M (-3, 1) 1a diém cuec tidu.
2 2

Giétricgrctié’uléf(M)=%—3+2—%—1+1=—l

Vidu 2 Tim cyc tri cua f(x,y) = e‘xz‘yzxy
Lo giai
{fx =e TV (=22’ +y) =0 _ {(—sz +1y=0
fy = e Y (—2xy?+x)=0 (=22 +Dx=0
a) y=0,x=0:Mo(0,0)
b) 1-2x2=0,1-2y2=0;
1 -1

M (5 5) M (55) M (5 5) M (5 5)
for = €7 TV (4x3y — 6xy), fyy = €7 TV (4xy® — 6xy)
fxy e foy (4x y —2)/ —2x* + 1)

k | Mk | §(Mk) | fx(Mk) | Kétludn

0 Mo | -1 Khong la diém cuwec tri

1 M1 | 4/ez | -2/e Diém cwc dai. Gia tri cwc dai la i

2 Mz | 4/er |2/e Diém cuwc tiéu. Gia tri cuc ti€u la ;—el

3 | Ms [4/ez |2/e Piém cuc tiéu. Gia tri cuc tiéu 1a ;—el

4 | Ms | 4/e2 | -2/e Diém cwc dai. Gia tri cwc dai la i
Vidu3 Tim cuc tri cta f(x,y) = e~ (*+¥*) (x2 + y?)

Lo giai
fo=2e ") x(x2+9y2-1D]=0 (x(x%+ y2-1)=0
{fy = 2 )y +y2 — D] =0 {y(xz +y? -1 =0
a) x=0,y=0: Mo(0,0)
b) x=0,y2-1=0: M1(0,-1), M2(0, 1)
©) x2-1=0,y=0:Ms(-1,0), Ma(1, 0)
fox =2 ") [2x2(x2 + 92 — 1) — 3x2 — y2 + 1]
fyy = 2e ~(* ) [2y2(x% + y2 — 1) — 3y2 — x2 + 1]
foy = 2¢ T2y (* + y? - 2)]
Tai Mo: fix = 2, fyy = 2, fixy = 0 nén 6§ = 4 > 0. Vay Mo(0, 0) la diém curc tiéu.
Gia tri cuc tiéu tai Mo 1a £f(0,0) =0
Dé kiém tra rang tai cac diém con lai ta déu c6 fxx = fyy = fxy = 0 nén & = 0. Vi vay ta phai xét
trwce ti€p Af. Tai M1(0, -1), ta ky hiéu h va k twong (rng 1a cac s6 gia cia x1 = 0 vay1 = -1. Khi d6
Af=f(0+h,-1+k)-f(0,-1) = e ["*+C1+KP][p2 4 (—1 4+ k)?] — 2
batt=h2+ (-1 + k)2, khido Af=te * —e~ 1.
Xét ham g(t) =te*—e L g'(t) =e (-t+1) =0 ©t=1. Ta thidy g'(t) d6i diu tir
dwong sang 4m khi t bién thién tir bén trai sang bén phai diém t = 1, viy g(t) dat cwc dai tai t = 1,
gia tri cwc daila g(1) = 0. Do d6 Af > 0, nén M1(0, -1) la diém cuc dai, gia tri cwc dai f(0,-1) = 1/e.
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Xét hoan toan twong ty, ta nhan dwgc cac diém con lai cling 1a cac diém cuc dai véi cing mot
gid tri cwc daila 1/e.
2.7.2. Cac gia tri 16m nhit va nhé nhit ctia ham hai bién
Gia thiét ham f(x, y) xac dinh trén mién déng gi¢i ndi D. Cac bwéc tim max, min nhw sau:
1. Tim cdc diém dirng Mi(xx, yx) tir hé: {f, = 0, f, = 0, roi tim max, min tam thoi
M = max {f(Mx)}, m = min {f(My)}
2. TrénbiéncuaD,tacoy=y(x)voia<x<b. Thayy boiy(x)vdo f(x y) ta nhin dwoc ham
mot bién f(x, y(x)) xdc dinh trén [a, b]. Tim max va min ctia ham ndy trén [a, b].
3. So sdnh cdc max, min trén bién voi M, m & trén, ta tim dwoc gid tri Ion nhdt va nhd nhat.
Vidu1l Tim cac gia tri I&n nhat va nho nhit cua f(x, y) = x2 - y2 trén mién x2 + y2 < 4.
Loi giai Giaihé {fx=2x=0,fy=-2y =0tadwgcx =0,y =0, ta c6 f(0,0) =0.
Trén bién, y? =4 - x2 v&i -2 < x < 2, thay vao ta dwoc f(x, y(x)) =2x2-4,-2 <x < 2.
f'(x)=4x=0x=0.Taco f(0) =-4, f(-2) ={(2) = 4.
Vay fmax = 4, fmin = -4.
Vidu2 Cho f(x,y) = e"(*+¥*)(2x2 + 3y?) trén mién x2 + y2 < 1.
Tim cac gia tri Ién nhat va nhé nhit cia f.
Lo giai
fr=e ) [2x(2x2 +3y2-2)] =0 (x(2x% + 3y2-2)=0
{fy = e~ () [—2y(2x2 +3y2 —3)] =0 > {y(2x2 +3y2-3)=0
Dé thay c4c diém dirng 1a: Mo(0, 0), M1(0, -1), M2(0, 1), M3(-1, 0), Ma(1, 0).
Cac gia tri twong rng f(Mx) 1a: 0, 3/e, 3/e, 2/e, 2/e. Do d6 M = 3/e,m = 0.
Trén bién, y2 =1 - x2,-1 < x < 1. Thay vao ta dwoc f(x, y(x)) = (3-x2)/e,-1 <x < 1.
Tac6éf'(x) =-2x/e=0x=0.f(0) =3/e,f(-1) =f(1) =2/e.
Vay fmax = 3/e, fmin = 0.
2.8. Cuec tri c6 diéu kién ctia ham nhiéu bién
2.8.1. Cuec tri c6 diéu kién ctia ham hai bién

Cac bwéce tim cuec tri cia z = f(x, y) véi rang budc g(x,y) = 0.

L_b
a) Giadihé{gx 9y tim dwoc cac diém M;(x;, yj).
gx,y) =0

b) Vé&i mdi Mj, xét ddu cta Af = f(xj + h, yj + k) - f(x, yj), voig(xi+ h,yj + k) =0
+ Néu Af < 0: Mjla diém cuwc dai
+ Néu Af > 0: Mj l1a diém cuec tiéu
+ Néu Af 2 0: Mj khong la diém cwc tri
Cha y: Trong l1an cAn dt nhé cua M; thi diu cta Af trung véi dau cta biéu thire sau
V&i ham hai bién f(x, y): fexh?® + fyyk2 + 2fyhk
Véihambabiénf(x,y,z):  fuxh? + fyyk? + fu2? + 2(fiyhk + fizhl + f,kD)
Vidul Tim cyc tri cua z = xy voi g(x,y)=§+§—1=0.

Lo giai ZI—" = Zl—y e —yx?=—xy?eoxy(x—y)=0
x y
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Két hop véi i+§—1=05uyrax=y=2.
Af=Q2+h)(2+k)—4=2(h+k)+hk
T — + — = 1 suy ra h va k trai diu, tirc hk < 0.

2+h 2+k
Mitkhiac,— +—=1oh+k+hk =0 h+k = —kh
2+h 2+k

Vi thé Af = 2(h + k) + kh =-2hk + kh =-kh > 0.
Do d6 (2, 2) 1a diém cuc tiéu, gia tri cwc ti€u la (2, 2) = 4.
SR : : : i P
Thuc té€, diém (2, 2, 4) 1a diém thip
nhat trén dwong cong la giao clia mat

PR 1
cong z = Xy vol mattru;+%= 1.

Vidu2 Tim cyc tri cﬁaz=§+%vc'ri glx,y) =xy—1=0.
N fx Iy 1 1
Lo giai =" -——=—-——0xyk—-y)=0
gi Pty oy = Ty @ wle—y)

Kéthopvéixy-1=0suyrax=y=1.
Af = 1 +L_ _2+h+k-20+h)A+ k) _ —(h+k)-2hk
T 1+h  1+k - 1+hA+k) T A+h@+k)

Khi h va k dd nhé thi diu ctia Af trung véi du cida ti s6, -(h + k) - 2hk.
Tt (1 + h)(1 + k) =1 suy ra h va k trai diu, tic 1a hk < 0.

Mit khac, (1 + h)(1+k) = 1nénh +k + hk =0, hay h + k = -hk.

Do d6 -(h + k) - 2hk = hk - 2hk = -hk > 0, tirc 1a Af > 0.

Vay (1, 1) 1a diém cuec tiéu, gia tri cwc ti€u la f(1, 1) = 2.

R6 rang, diém (1, 1, 2) 1a diém
thip nhat trén duwong cong la giao clta

< 1 .. o
mat cong z =§+;VO’1 mat tru xy = 1.

05 o5

2.8.2.  Cuectri c6 diéu kién cta ham hai bién theo phwong phap nhan t Lagrange

Vidu1l Tim cyc tri cua f(x,y) = i + %v(yi rangbudcx +y=1.
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Loi giai
fetAgy=—5+1=0 N
1 Xx==Iy 11
fy+’19y:_ﬁ+/120:>{x+y:1:>M(2’2)
x+y=1
Af = 1 + 1 _4_2(2k+1)+2(2h+1)+k—4(1+2h)(1+ 2k) _ -4 (h+k)-16hk
T 1/2+h | 1/2+k - (1 + 2R)(1 + 2k) T Q+n@+k)

Khi h va k dd nho thi diu ctia Af trung véi dau cia ti s6, -(h + k) - 4hk.

Tir -+ h+>+k = 1suyrah+ k=0 va h trai ddu véi k, tirc 1a hk < 0.

Vay -(h + k) - 4hk = -4hk > 0, nén M(3,) 1a diém cyc tiéu, gia tri cyc tiéu 1a 4
A ‘ ' . . Rérang, diém (1/2,1/2,4)
la diém thip nhat trén
dwong cong la giao cia mat
cong z = §+§ véi mat

phingx+y=1

02 02

Vidu 2 Tim cwc tri cla f(x,y) = x%2 + y? — xy véi diéu kién x? + y2 =1
Lo giai
2x—y+2x=0 20+ MDx =y
2y —x+2ly=0={21+ D)y =x
x2+y2=1 x2+yt=1
Dé thdy x + 0 vay # 0, nén 2(1 + 1) = y/x = x/y hay x2 = y2.
1

Kéthopvéix?+y?=1tacéx? =y* =-.

a) Néux=y= i%: 2(1+2) =1hayA=-1/2.
b) Néuxz-yzi%:2(1+7\)=-1 hay A = -3/2
Vi thé ta can xét tai 4 diém:
1 1 -1 -1 fia 1
(57 (5w veids
-1 1 1 -1 fia_ 3
My (55) Mi(r)  void=—3
XétF(x,y) = f(x) + Ag(x). Vig(x) = 0 nén Af = AF.
Flo,y) =x*+y?—xy+ A2 +y* =D =AQ+Dx*+ (1 +Dy*—xy—1
FE=2x(1+A) -y FE=2y(0+1)-x FEy=F,=201+1) FE,=-1
Tai M1 va Ma: Feh? + 2Fgyhk + Fyyk? = h? + k2 — 2kh = (h — k)2 > 0
Vay ham dat cwc ti€u tai M1 va Mz, gia tri cwc tiéula1-1/2=1/2.
Tai M3 va M4: Fxh? 4+ 2, hk + F,,k* = —h*—k? — 2kh = —(h + k)* < 0



On Ngit Minh HUGONG DAN GIAI BAI TAP HOC PHAN GIAI TiCH 2

Vay ham dat cuc dai tai M3 va Ma, gid tri cwc daila 1l + 1/2 =3/2.
SR ] : j L Hinh bén 14 giao cia mat cong
z=x?+y? — xy véi mit tru
x2+y2=1
R0 rang c6 hai diém cuc dai va hai

diém cwec tiéu.






